It is known that the Hilbert space dimensionality for quasiparticles in an SU (2) k Chern-SimonsWitten theory is given by the number of directed paths in certain Bratteli diagrams. We present an explicit formula for these numbers for arbitrary k. This is on the basis of a relation with Dyck paths and Chebyshev polynomials.
I. INTRODUCTION
The so-called Bratteli diagrams have been introduced by Bratteli in 1972 [2] for the classification of some classes of C * -algebras. For our scope, it is sufficient to give here an "algebra free" description of this notion (see, e.g., [1] or [3] ). More specifically, lattice points will be labeled by numbers instead of Young diagrams. A Bratteli diagram for SU (2) k is defined as a finite digraph D k = (V, E), where:
• The vertices of D k are associated to lattice points in the positive quadrant of the Cartesian plane:
(j, i) ∈ (Z ≥0 ) ×2 with j ≥ i.
The vertex set V is {(j, i) : 0 ≤ i ≤ k, j; i and j have the same parity}. Here 0 is assumed to be even.
• There is an arc ((j, i), (j ′ , i ′ )) in E if j ′ = j + 1 and i ′ = i ± 1.
• A directed path from a vertex (j, i) to a vertex (j ′ , i ′ ) of length n is a sequence of n arcs of the form (j, i)(j + 1, l 1 ), (j + 1, l 1 )(j + 2, l 2 ), . . . , (j + n − 1, l n−1 )(j ′ , i ′ ). Let D k (x, y) be the number of directed paths from the vertex (0, 0) to the vertex (j, i) in the Bratteli diagram D k . In a Bratteli diagram D k , the vertex (j, i) is labeled by the number D k (i, j). In our notation, the function f introduced in the general definition of a Bratteli diagram is exactly D k (i, j). Notice that
be the indegree and the outdegree of a vertex i, respectively. Notice that d The number D k (i, j) corresponds to the Hilbert space dimensionality for i q-spin 1/2 quasiparticles having total qspin j, in an SU (2) k Chern-Simons-Witten theory (see, e.g., [4] and the references contained therein). An asymptotic More precisely, they showed that
where i + j = 0( mod 2) (From the definitions we have that D k (i, j) = 0 for all i + j = 1(mod 2).) We present here an explicit formula for D k (i, j), which implies the asymptotic expression in (1). In particular, we find an explicit formula for the total number of directed paths from the vertex (0, 0) to the vertex (i, j) in the Bratteli diagram D k , for any k, as shown in the next section. Our tools will be Dyck paths and Chebyshev polynomials.
II. MAIN RESULT
Chebyshev polynomials of the second kind are defined by
for r ≥ 0. Evidently, U r (x) is a polynomial of degree r in x with integer coefficients. Chebyshev polynomials were invented for the needs of approximation theory, but are also widely used in various other branches of mathematics, including algebra, number theory, and the study of lattice paths in combinatorics (see [8] ). For k ≥ 0, we define R k (x) by
For example, R 0 (x) = 0, R 1 (x) = 1, and R 2 (x) = 1/(1 − x). It is easy to see that for any k, R k (x) is a rational function in x.
A Dyck path is a lattice path in the plane integer lattice (Z ≥0 ) ×2 consisting of up-steps u = (1, 1) and down-steps d = (1, −1). It follows that a Dyck path never passes below the x-axis. The length of a Dyck path is defined as the number of its up-steps and down-steps. From the definitions we can state the following observation.
is exactly the number of Dyck paths below the line y = k + 1, starting at the origin and ending at the point with x-coordinate j and y-coordinate i.
Each Dyck path P below the line y = k + 1, starting at the origin and ending at (j, i), has the following form:
where P s is a Dyck path of height at most k + 1 − s, and the length of P is exactly j (each up-step and down-step is counted as a unit step).
Let us fix a variable x for the generating function for counting the number of up-steps and down-steps in a Dyck path. Using the fact that the generating function for the number of Dyck paths of length 2n with height at most s is given by R s+1 (x 2 ) (see [5] ), we get that the generating function
which is equivalent to
xU k+1−r 1 2x
Using the fact that the roots of U k (x) are cos rπ k + 1 , r = 1, 2, . . . , k we obtain that the minimal positive pole of the function D k (x; i) is given by 2 cos π k+2
. Therefore, the asymptotic behaviour of the function D k (i, j) is given by
where i + j = 0(mod 2), as described in [9, Equation 26 ].
In order to find an explicit formula for D k (i, j) we need the following lemma.
Lemma 2 The generating function
is given by
where ρ m,r = cos rπ m+1 .
Proof. Let us compute the partial fraction decomposition of
By general principles, it is
where ρ m,r = cos rπ m+1 are the zeros of the m-th Chebyshev polynomials of the second kind. Now,
and note that
We work out that
and if we plug in x = ρ k+1,r simplification occurs, since certain terms are just zero; we obtain that .
which completes the proof. Now we are ready to give an explicit formula for D k (i, j).
Theorem 3 For all k, i, j, the number D k (i, j) of directed paths from the vertex (0, 0) to the vertex with x-coordinate j and y-coordinate i in the Bratteli diagram D k is given by
Proof. Lemma 2 and Equation 3
give that the generating function D k (x; i) is given by
which implies that the x j coefficient in the generating function D k (x; i) is given by
as claimed. For example, the above theorem for k = 1, 2, 3, 4, 5 gives the following values:
• D 1 (0, 2j) = 1 and D 1 (1, 2j + 1) = 1 (otherwise D 1 (i, j) = 0). • D 2 (0, 2j) = D 2 (2, 2j) = 2 j−1 and D 2 (1, 2j + 1) = 2 j , see Figure 2 .
• D 3 (0, 2j) = F 2j−1 , D 3 (1, 2j) = F 2j+1 , D 3 (2, 2j + 2) = F 2j+2 and D 3 (3, 2j + 3) = F 2j+2 , where F m is the m-th Fibonacci number (defined as F 0 = 0, F 1 = 1, and F n = F n−1 + F n−2 for any n), see Figure 3 . It was pointed out in [4] that the theory of q-spin 1 quasiparticles in SU (2) 3 is equivalent to SO(3) 3 , a theory which is in fact also known as the Fibonacci anyon theory [7] . • D 4 (0, 2j + 2) = D 4 (1, 2j + 1) = (3 j + 1)/2, D 4 (2, 2j + 2) = 3 j , and D 4 (3, 2j + 3) = D 4 (4, 2j + 4) = (3 j+1 − 1)/2, for all j ≥ 0.
•
for all j ≥ 0, where a j is a sequence satisfies the following recurrence relation a m = 5a m−1 − 6a m−2 + a m−3 with the initial conditions a 0 = a 1 = 1 and a 2 = 2. Note that, the generating function for the sequence a n is given by 1 − 4x + 3x 2 1 − 5x + 6x 2 − x 3 .
Using the continued fraction representation of the generating function R k (x), namely
with exactly k-levels (see [6, Lemma 3 .1]), we obtain that
Hence, From (2) we obtain that the generating function
The generating function C(x) satisfies 
